Let p ≡ 7 mod 16 be a prime. Then there are integers a, b, c, d with a ≡ 15 mod 16,
Introduction
A Hadamard matrix of order v is a v × v matrix H with entries ±1 such HH t = vI where I is the identity matrix. A Hadamard matrix is called regular if all of its rows contain the same number of entries 1. It is conjectured that a Hadamard matrix of order v > 2 exists if v is divisible by 4.
While the construction of Hadamard matrices of order 4t for arbitrary t seems out of reach at the present time, there may be some hope to construct Hadamard matrices of order 4q
2 for all prime powers q. For q ≡ 1 mod 4 and q ≡ 3 mod 8 this already has been accomplished by the marvelous work of Mingyuan Xia and Gang Liu [7, 8] . The constructions of Xia and Liu are based on cyclotomy, namely, the use of 4th, 8th and (q + 1)th cyclotomic classes in F q 2 . However, it seems that the difficulty of implementing the approach using cyclotomy increases with the exact power of 2 dividing q + 1, cf. our Lemma 4 in Section 3. In fact, up to our knowledge, no general constructions for Hadamard matrices of order 4q 2 with q ≡ 7 mod 8 have been known.
In the present paper, we obtain two putative infinite families of Hadamard matrices of order 4q 2 with q ≡ 7 mod 8 prime. We believe that, for any large enough n, our constructions yield at least 5 8 n 2 5 primes q < n, q ≡ 7 mod 16 such that a regular Hadamard matrices of order 4q 2 exists. Our approach is based on 16th and (q + 1)th cyclotomic classes. The necessary computations are much more involved than those in [7, 8] and we need to use Jacobi sums as well as a computer. For each value of q for which our construction works, we obtain a "certificate" in terms of a quadruple of integers a, b, c, d. Once this quadruple is known, the verification of the construction only involves checking simple conditions on a, b, c, d which can be done by hand if q is not exceedingly large.
The integers a, b, c, d are coefficients of the Jacobi sum
of order 16 (the order of a Jacobi sum is the least common multiple of the orders of the involved characters). Here χ is a multiplicative character of order 16 and ρ is the quadratic character of F q 2 . In Section 4 we will characterize a, b, c, d by the simple congruences and equations mentioned in the abstract.
Preliminaries
Let G be an additively written abelian group of order v. We write ⊕ respectively for the addition respectively subtraction in G in order to distinguish them from the group ring addition and subtraction
has cardinality λ.
We will always identify a subset A of G with the element g∈A g of the integral group ring
In the group ring language, a family ( 
General Results
Throughout the rest of this paper, we use the following notation. Let q ≡ 3 mod 4 be a prime power and let g be a generator of F q 2 . We denote the additive group of F q 2 by G. As before, we use ⊕ and for the addition respectively subtraction in G. The multiplication of F q 2 is denoted by * to distinguish it from the group ring multiplication. Let e be a divisor of q 2 − 1 and f = (q 2 − 1)/e. We set C e,k = {g
The sets C e,k are called eth cyclotomic classes. Xiang [10] calls the L j 's lines and the H i 's halflines. The indices k, j, i are taken modulo e, q + 1, 2(q + 1) respectively. Note L
Proof Write |A| = α and |B| = β. Let i and j be distinct elements of A ∪ B, not both in A. Then S i and S j are distinct lines since i ≡ j mod q + 1 by assumption. Hence
This proves the assertion. 
Then |D r | = q(q − 1)/2 for r = 0, ..., t − 1 and
with γ ∈ Z + where R is a linear combination of ( 
2e,i = C e,i for all i. Since H is a union of (2e)th cyclotomic classes, this implies that
) is a linear combination of eth cyclotomic classes.
We conclude that 
Proof By Lemma 4 we have |D r | = q(q − 1)/2, r = 0, ..., t − 1, and
where R is multiple of G − 0. This implies the assertion. .
The case e = 4 of Corollary 5 is the most interesting because it yields new Hadamard matrices through Proposition 1.
Corollary 6
Let q ≡ 3 mod 8 be a prime power, e = t = 4, and define
Then
Remark 7
The case α = 1 of Corollary 6 coincides with [10, Cor. 2.4] while the case α = 3 is new.
The following Corollary addresses the case e = 8 and t = 4 of Lemma 4 which is the main subject of this paper.
Corollary 8 Let q ≡ 7 mod 16 be a prime power, e = 8, t = 4 and define
where ρ is the quadratic character of F q 2 .
Proof By the proof of Lemma 4 we have
and the coefficients of T are constant on the set of squares of F q 2 and constant on the set of nonsquares of F q 2 . Hence ρ(HH (−1) − β(H + H (−1) )) = 0 if and only if T has constant coefficients on G \ {0}.
Number theoretic preparations
Let q ≡ 7 mod 16 be a prime power and let ρ be the quadratic character of F q 2 . From now on, we write C i instead of C 16,i The following numbers play a crucial role in our construction.
We take the indices i of J i modulo 16. The J i 's are multiples of Jacobsthal sums, cf. [2, 6.1.1]. Let g be a fixed generator of F q 2 and let χ be the multiplicative character of F q 2 with χ(g) = exp(2πi/16).
Lemma 9 We have
, and
Proof Let S respectively N be the set of nonzero squares respectively nonsquares in
. By viewing L 2j and 1 L 8k+i as lines without 0 and 1 respectively in F q 2 , we see that
Let i be even, 2 ≤ i ≤ 14. We get
We write ζ = exp(2πi/16). Let ρ be the quadratic character of F q 2 and let χ be the multiplicative character of F q 2 with χ(g) = ζ. Note that χ depends on the choice of the generator g of F q 2 . Therefore, we write χ = χ g when it is necessary to indicate this dependency. We can derive the values J i from the coefficients of the following Jacobi sum.
Note that J also depends on the choice of g.
Lemma 10 Write
In particular, t 0 ≡ 3 mod 4, t 1 = 0 and t 2 ≡ 0 mod 4.
This implies (7) 
By Lemma 9, a = t 0 and b = t 2 , so we obtain a ≡ 3 mod 4 and b ≡ 0 mod 4. 
In order to gain more insights in the numbers a, b, c, d, we need to know how q splits in Q(ζ). Let P 1 be a prime ideal of Q(ζ) above q. As q ≡ 7 mod 16, P σ7 1 = P 1 and (q) = P 1 P 3 P 9 P 11 where P j = P 
Lemma 11 Let a, b, c, d be integers and J
2 where P is a prime ideal that contains J in Q(ζ).
(
ii) there exist integers w, r, s, t such that
Proof By assumption, J J = q 2 . Hence we obtain
with α, β, γ, δ ∈ Z + and α + β = γ + δ = 2. Since (J ) = (q), there exists j such that
First we assume (J σj ) = P 1 P 9 P 2 3 . Let K be the subfield of Q(ζ) fixed by σ 7 and O K be the ring of algebraic integers in K. Since K has class number 1, the ideal P 1 ∩ K is generated by an element G 1 . Define G j := G σj 1 . Note that P 3 ∩ K and P 9 ∩ K are generated by G 3 and G 9 respectively. Since J σj and
Hence |η| = 1. Result 2 implies that η is a root of unity. Since ±1 are the only roots of unity in
Since q ≡ 3 mod 4, this implies w ≡ 1 mod 2 and s + t ≡ 1 mod 2.
Moreover, a straightforward computation shows that the coefficient of
This shows (J σj ) = P . Finally, let G be a generator of P ∩ K. By applying a similar argument as before, we see that Proof By Lemma 10, J = ±q, a ≡ 3 mod 4 and b ≡ 0 mod 4. So it follows from Lemma 11 that 
Lemma 12 Let a, b, c, d be the integers with
By (12) again, −8r
Now, we consider the converse of the above lemma. 
Lemma 13
then there is j ∈ {1, 3, 9, 11} with
2 . Therefore, we may assume (J ) σj = (J) for some j ∈ {1, 3, 9, 11}. Using a similar argument as before, we conclude that J σj = ±J. The coefficients of 1 in J and J are both ≡ 3 mod 4, so J σj = J.
Lemma 14 Let a, b, c, d be the integers with
Then the values J i are given by J 7i = J i for all i (indices taken modulo 16) and the following 
Proof This follows from Lemmas 9 and 10.
The terms C i C (−1) j will play a crucial role in the verification of our construction. We can compute the quadratic character of these terms from the values J i .
Lemma 15 Write
f = (q 2 − 1)/16. We have ρ(C i C (−1) j ) = (−1) i fJ j−i . Proof We compute ρ(C i C (−1) j ) = f −1 r,s=0 ρ(g 16r+i g 16s+j ) = f −1 r=0 ρ(g 16r+i ) f −1 s=0 ρ(1 g 16(s−r)+j−i ) = f −1 r=0 (−1) i f −1 t=0 ρ(1 g 16t+j−i ) = (−1) i fJ j−i .
Construction with three 16th power cyclotomic classes
Let q ≡ 7 mod 16 be a prime. Recall that we write C i instead of C 16,i . Set
Furthermore, let B be any subset of {0, ..., q} with β = (5q − 3)/16 elements such that no element of B is ≡ 0, 1 or 2 mod 8 and let
Finally, set
. Note that D depends on the choice of the generator g of F q 2 .
Theorem 16 Let a, b, c, d be any integers with
a ≡ 15 mod 16, b ≡ 0 mod 4, Proof By Lemma 13 we can choose the generator g of F q 2 such that
Write f = (q 2 − 1)/16. Using Lemmas 14 and 15 we get 
Hence, in this case the condition for D being a difference family becomes q = a − 2b.
Remark 17
As the proof of Theorem 16 shows, "if g is chosen suitably" only means that we have to replace g by g s if necessary where s is any integer with s ≡ 11 mod 16, (q 2 − 1, s) = 1.
Construction with five 16th power cyclotomic classes
Let q ≡ 7 mod 16 be a prime. Set
Furthermore, let B be any subset of {0, ..., q} with β = (3q − 5)/16 elements such that no element of B is ≡ 0, 1, 2, 3 or 7 mod 8 and let
Theorem 18 Let a, b, c, d be any integers with
a ≡ 15 mod 16, 
then there is a regular Hadamard matrix of order 4q 2 .
We call the Hadamard matrices satisfying (18) respectively (19) the three-class family respectively the five-class family. We believe that both families are infinite. In the following tables we give all primes q < 10 6 respectively q < 50000 for which Theorem 20 yields a three-class respectively a five-class Hadamard matrix of order 4q Remark 22 There are exactly 1401 primes q < 3.9 · 10 8 satisfying the conditions of Theorem 18. Some further computational experiments suggest that for any n > 2 · 10 8 there are at least primes of q satisfying the conditions of Theorem 18.
